We consider two applications of the factorization of infrared dynamics in QED and gravity. The first is a redefinition of the Lorentz transformations that makes them commute with supertranslations. The other is the process of particle creation near a black hole horizon. For the latter we show that the emission of soft particles factors out of the Smatrix in the fixed-background approximation and to leading order in the soft limit. The factorization is implemented by dressing the incoming and outgoing asymptotic states with clouds of soft photons and soft gravitons. We find that while the soft photon cloud has no effect, the soft graviton cloud induces a phase shift in the Bogolyubov coefficients relating the incoming and outgoing modes. However, the flux of outgoing particles, given by the absolute value of the Bogolyubov coefficient, is insensitive to this phase.
Introduction
Exclusive S-matrix elements in electrodynamics and gravity vanish because of the celebrated infrared "catastrophe." One solution to the problem is to consider as physical only infrared-safe, inclusive cross sections [1] [2] [3] ; the other is to "dress" asymptotic states by defining an intertwiner to a new Hilbert space, that maps Fock space states to non-Fock space ones. Physically, this means to multiply a state containing a finite number of particles with an operator that creates a coherent state with an infinite average number of soft photons/gravitons. The S-matrix between the dressed states has been argued to be free from (leading, soft) infrared divergences [4] [5] [6] [7] [8] [9] . Much more recently, infrared degrees of freedom have been argued to be essential for a complete description of electrodynamics and gravity (see [10] and references therein). It has been further argued to be a resource, rather than a problem, that can produce entanglement between (visible) hard particles, such as Hawking particles emitted by an evaporating black hole, and unobserved soft quanta [11] [12] [13] .
This possibility is to be contrasted with the results of [14] [15] [16] , who argue that dressed states and their associated dressed operators remove in a universal and operationally simple way the entanglement of hard particles with soft quanta. Black holes and soft quanta have been studied in, among others, refs. [17] [18] [19] [20] . This paper will not delve into the deeper question of whether entanglement with soft particles can either solve or at least alleviate the black hole information problem. It will instead show how to use the infrared factorization of dynamics induced by the infrared dressing to simplify the dynamics of the radiative degrees of freedom. In particular, we will show that when the infrared dressing is applied to operators instead of states, the resulting canonical transformation achieves two noteworthy effects.
The first is that one can define "dressed" deformed Lorentz transformations that commute with both the supertranslations charges and the boundary gravitons. The latter are canonically conjugate to supertranslation charges. After constructing these transformations and showing that their definition is consistent, we will briefly discuss the additional steps necessary to use this result to define new Lorentz transformations acting on Hilbertspace states, that are isomorphic to the standard Lorentz transformations, are symmetries of the radiative degrees of freedom, and act trivially on all vacua related by supertranslations. If the charges associated to such transformations do exist, they could replace the standard ones. Because all vacua related by supertranslations would be annihilated by the new charges, the latter would define unambiguously the angular momentum of any state. The standard charges instead give different outcomes even when evaluated on states that differ only by the state of the soft quanta. We will define the new Lorentz charges in Section 2.
Section 3 takes a detour and extend the construction of the dressing operator given in ref. [21, 22] to the case when the total hard charge of an asymptotic state is nonzero. Section 3 establishes a bridge between the language of [4-9, 21, 22] and that of [15] .
Section 4 applies the formalism developed in this paper, that is the construction of dressed operators defined by the canonical transformation generated by the dressing operator, to the computation of Hawking's radiation in the limit G → 0, 2GM = R S = constant. The fixed Schwarzschild radius R S and the vanishing Newton's constant G eliminate back reaction effects -and also guarantee that our calculation will not resolve one way or another the diatribe on entanglement of Hawking quanta with soft quanta. On a positive note, this approximation will allow us to take into account exactly the entanglement of the Hawking radiation with zero-energy quanta. We find that entanglement with photons is trivial, while entanglement with soft gravitons induces a phase shift in the Bogolyubov coefficients relating the incoming and outgoing modes. However, the flux of outgoing particles, given by the absolute value of the Bogolyubov coefficient, turns out to be insensitive to this phase. Local asymptotic observables defined at future null infinity are also insensitive to the phase. We therefore conclude that the entanglement between soft and hard states due to infrared dynamics does not affect Hawking's radiation, when back-reaction is negligible.
Dressing as a canonical transformation
Here we use the results of [15] to define a quantum canonical transformations of the operator algebra that maps the standard asymptotic local fields into "dressed" fields that commute with the soft charges. We will be general and rather brief, deferring some explicit formulas to the next sections and referring to [15] for definitions not given in this paper. We will work in flat or asymptotically flat spacetimes; for such spaces the metric near future null infinity I + , is, in an appropriate gauge
The coordinates of I + are two angles, Θ A and the retarded time u. The "Bondi news" tensor is N AB = ∂ u C AB ; it is of course zero for Minkowski space. The metric near past null infinity, I − is defined in terms of angles θ A , radius r and advanced time v:
The past Bondi news is
Both large gauge transformations (LGT) [23, 24] and BMS transformations [25, 26] are generated by charges that can be defined, in the absence of massive matter, either at I + or at I − . The superscript ± will distinguish between the two sets of charges. The charges are functions of the two angles parametrizing the "celestial sphere," i.e. the S 2 in I ± = R×S 2 . A convenient decomposition of the charges is given in terms of spherical harmonics, labelled as usual by the angular momentum l and magnetic quantum number m. So we end up with two sets of charges, Q ± lm . The equation expressing conservation of the total charges is very simple: once the angles Θ A and θ A are identified antipodally (see e.g. [10] ) then the conservation equation is
Here Ω is the Heisenberg time evolution operator from I − to I + . This equation says that Q ± lm commute with the evolution operator. The charges Q ± lm are the sum of two pieces
Let us discuss only the + charges, as the − are completely analogous. The "hard" charges Q + h lm are defined only in terms of nonzero-frequency, a.k.a. radiative degrees of freedom. For LGT these are the U (1) field-strength components F uA , plus eventual matter degrees of freedom. For BMS, the radiative degrees of freedom in the Bondi gauge are the Bondi news N AB plus eventual matter degrees of freedom. The soft charges Q + s lm commute with all the radiative degrees of freedom. The LGT soft charges are nonzero for l > 0 while the BMS soft charges are nonzero for l > 1. In order to be dynamical, the soft charges need conjugate variables with nonzero commutators -otherwise they would be constants in each irreducible representation of the algebra of fields carrying radiative degrees of freedom. The conjugate variables to the soft charges Q In the case of LGT they are sometimes called "boundary photons" while in the BMS case they are called "boundary gravitons." In the rest of the Introduction we will call them Φ ± lm in both cases. Ref. [15] shows that for both LGT and BMS there exist a formally unitary transformation U ± that maps the soft charge into the total charge while it leaves the conjugate variable invariant
The same operators U ± defines canonical transformations that act on all observables of the theory. In the LGT case, radiative variables of charge q transform to "dressed variables" as 6) so the photon radiative modes are unaffected. In the BMS case the transformation acts on all radiative degrees of freedom, including the Bondi news, as a translation (see [15] and Section 4). Denoting all these degrees of freedom collectively as φ we have
The key property of the dressed (hatted) variables is that they commute with the total charges and with the conjugate variables.
[
Besides the conservation law (1.3), there exist also matching conditions for the boundary gravitons (and photons) [27] 
Since the variables Φ ±, lm , Q ± lm have canonical commutation relations among themselves and commute with all the dressed variables, they can be represented canonically as Q and their derivatives, so it depends only on the hatted radiative variables and is instead independent of the soft one. We conclude that the hatted radiative variables evolve independently of the soft variables aŝ
We should point out here that this derivation can be generalized to the case when in-and out-operators do not evolve unitarily but are still related by a linear map. This is the case that applies to fields that scatter to I + in a collapsing black hole geometry. They are related to incoming fields defined on I + by a linear map that becomes invertible (and is in fact derived from a unitary evolution operator) only when the modes that cross the horizon of the black hole are taken into account. Yet, the linear map does not need the latter to be defined. This feature, that was prominently used in the original 1975 calculation of black hole radiation by Hawking [28, 29] , will be used also in Section 4.
Dressed Symmetry Group

Spacetime and its symmetries
From now on we will work in the retarded coordinates (u, r, z,z). The metric of the flat spacetime in this coordinate is
In the above equation γ zz = 2 (1+zz) 2 is the round metric on the unit sphere and z = tan( θ 2 )e iφ is the coordinate defining the stereographic projection from the sphere to the complex plane. The metric (2.1) has ten Killing vectors, which we will use to find the representation of Poincaré generators on the phase space of the theory. We will consider first a U (1) gauge theory and its associated LGT. Essentially, Poincaré transformation are induced by different components of the energy-momentum tensor. More precisely, the conserved charge
induces transformation along the Killing vector ξ, when we use following equation
Gauge fixing and Lorentz transformations
We work in radial gauge
A Lorentz transformation generically spoils the gauge condition; therefore, we will need a further gauge transformation to preserve the gauge condition (this can be thought of as a definition of the Lorentz generators). It can be shown that the extra gauge transformation only changes the leading order term of A u when expanded in powers of r −1 . It is convenient to write the explicit form of the leading order term of the gauge field near future null infinity in the following manner:
The E.O.M gives the following constraint on the gauge field
where g(z,z) is independent of u but otherwise arbitrary function.
Phase space construction and its symmetries
The phase space of a U (1) gauge theory plus massless particles near the asymptotic null infinities of an asymptotically flat spacetime is described by the set {F uz , F uz , Φ + , Ψ + }, which consists of radiative degrees of freedom and soft degrees of freedom. Note that this phase space is defined on I + ; its canonical coordinates are functions of u and of the coordinates on the celestial sphere F uz = F uz (u, z,z), Φ + = Φ + (z,z).
Lorentz transformation
Next we find the representation of Lorentz generators acting on the phase space variables (F uz , F uz ). Their gauge potentials satisfy the following commutation relation
However, as we mentioned in the introduction, the pair (F uz , F uz ) is not enough to describe the complete phase space, because we need two more fields Ψ + (z,z) and Φ + (z,z) defined at I + + and I + − , respectively. The commutation relation for these new fields can be obtained from a "continuity" condition on the commutators of the gauge potentials (A z , Az). It is simpler to introduce variables (Ψ + ,Φ + ), related to (Ψ + , Φ + ) by a canonical transformation.
in terms of these fields, the commutation relations take the form
Equation (2.11) shows thatΦ + andΨ + are conjugate variables. On the other hand, the soft charge is also conjugate toΦ + (see e.g. [15] ), soΨ + and the soft charge cannot be independent variables. The soft charge is related to the boundary fieldΨ + by following equation,
An explicit form of the charge (2.2) can be written for this theory as
(2.14)
The commutation relations of the conserved charge with the radiative and soft degrees of freedom are then given by
This shows that the boundary fieldΦ + does not belong to a standard representation of Lorentz group, whileΨ + is in the scalar representation. This means that the states of the U (1) theory do not transform covariantly under Lorentz transformations -yet we can still have Lorentz invariant scattering amplitudes. In fact it has been known for a long time that there exists no Lorentz-covariant Hilbert space of charged physical states for gauge theories. Our motivation, however, is not to solve this problem. What we want instead is to find a transformation that acts only on hard dressed variables and that commutes with their evolution operator. The factorization property of the S-matrix 1 -or equivalently the discussion in the Introduction-implies the existence of an evolution operator that acts only on hard variables and leave soft variables untouched. We would like to have the same property for symmetry transformations, this is why we look for a symmetry transformation that acts nontrivially only on the hard states. More precisely, we want to change the standard definition of the Lorentz transformation in two ways. First of all, we want to "dress" the Lorentz transformation with the operators U ± defined in the Introduction. In other words, we want to perform the quantum canonical transformation
This transformation acts on the hatted, dressed operators exactly as the original Lorentz does on the undressed ones. In the rest of the section we will work with dressed operators only, so can drop the hat from all fields to avoid notational clutter. The second change to the Lorentz transformation is the crucial one: we change its action on the soft variables, while leaving its action on the radiative variables unchanged. The Lorentz transformation is finally defined by the following commutators
Evidently, this symmetry is not the usual one since it acts like Lorentz only on the hard variables. The definition given above has to pass a crucial test of consistency: it must satisfy the Jacobi identities. Thanks to the fact that the new Lorentz transformation is the same as the standard one on radiative variables, it is easy to check that the Jacobi identities are indeed satisfied. The action of the symmetry on operators, given by eqs. (2.20), plus its action on the vacuum (which we can choose to be trivial) then formally define an operator acting on a Hilbert space. The Lorentz transformations defined here are automorphisms of the operator algebra. To show that they are in fact generated by commutators of Hermitian operators, several other properties would have to be proven. The first is that the transformation maps a vector obtained by applying a polynomial function of dressed operators to one of the vacua -i.e. a state containing only soft photons-into a state belonging to the same Hilbert space. The second is that such property holds for a dense set of states in the Hilbert space. These two properties define a linear operator in the Hilbert space, that can be identified with the Lorentz charge only after a third property is proven; namely, that the domain of the operator and the domain of its adjoint coincide. In spite of these pitfalls, the definition given here provides a sketch of the construction of a factorized "dressed Lorentz," that can be thought of as a counterpart to the factorization of the S-matrix. A similar construction can be done for gravity and BMS. Here we look for Lorentz transformations that leave the soft variables untouched and only change the hard degrees of freedom -which in this case are the Bondi news tensors. By denoting here with C the boundary graviton the transformation laws that we look for are
Here the generators of supertranslation are denoted by Q f . As before, these are transformations on dressed fields, where hats have been dropped. The "dressed Lorentz" defined in (2.24) commutes with supertranslations, so it is an ideal subalgebra of BMS. We have to check again the Jacobi identity. It is easy to see that the only nontrivial equation to check is
Since Q f and C commute to a c-number, eq. (2.25) does satisfy the Jacobi identity.
Asymptotic States
Asymptotic states for Abelian gauge theories were studied in [4] [5] [6] [7] [8] [9] , and more recently in [30] [31] [32] for perturbative quantum gravity. In this section we derive covariant expressions for the dressing functions of the asymptotic states in terms of the fields at null infinity. We will concentrate on incoming asymptotic states at past null infinity, but to linear order in the fluctuations around a fixed background a similar analysis applies also to future null infinity, as well as to any other null surface. We generalize results known in the literature to the case where the total charge (gauge or supertranslations) is nonzero. We define the dressing function R f (p) on one-particle states as
Abelian gauge theory
We start with the case of Abelian gauge theory. The dressing function in this case is given by
where the function f µ is given by
and c µ satisfies c ·q = 1 and c 2 = 0. Notice that up to a conventional overall scale factor, the function c µ = c µ (q) depends only on the celestial sphere's coordinates. An example of c µ that satisfies the aforementioned condition is c µ = 1 2(1 + ww)
(1 + ww, −w −w, i(w −w), −1 + ww) .
While we will keep a generic c µ in our formulas, this specific choice simplifes eqs. (3.16), (3.19) and particularly eq. (3.22). ψ(p, q) is a regulating smooth function that obeys ψ(p, q) → 1 as q → 0. Next we write the dressing function in terms of the asymptotic gauge field at null infinity. We use the following decomposition of the gauge field in terms of Fourier components
The Fourier modes can be decomposed in terms of polarization modes
We will focus on the form of the gauge field at past null infinity, where it takes the form A w (v, w,w) = lim r→∞ A w (v, r, w,w),
The analysis for future null infinity (or any other null surface) can be carried out in a similar fashion, yielding similar results. The reverse relations are given by
Without loss of generality we write the regulating function in the following form
we can then write the cloud operator (3.2) as 2
2 In terms of the advanced system of coordinates, the volume form is given by
We use that
Note that since the ω-integration is over half the real plane we have
Here v c is parametrizing the regularization scheme. Since the photon is a massless particle its four-momentum can be written as
For a massless external particle with energy ω p located at (z 0 ,z 0 ) on the celestial sphere the four-momentum is similarly given by
The photon polarization vectors can be chosen to take the form
such that they are orthogonal to q µ q µ ±µ ( q) = 0,
Using this parametrization one can evaluate
The expression for the cloud operator is then given by and it obeys ∂ z ∂zG(z, w) = 2πδ (2) (z − w),
The cloud operator can be expressed using the Green's function as follows
where D · A = D w A w + DwAw. In the above equation, the subscript on (c · ± ) z means that the expression inside the parentheses is evaluated at (z,z), while previously it was a function of the position of the soft photons inside the cloud, (w,w). For brevity, we will remove this subscript from now on, as the dependence on the coordinates is clear from the derivative acting on it. At this point we would like to discuss the regularization scheme parametrized by v c . Note that in order to isolate the contribution of zero momentum photons in the cloud we should consider v c = +∞ (see [15, 16] ). In the absence of magnetic monopoles and long-range magnetic fields
The dressing operator then takes the final simplified form
where
Here j v (v, z,z) is the classical incoming gauge current andj v (v, z,z) is interpreted as the LGT current, in accordance with ref. [21] . Eq. (3.22) holds for generic c µ ; the particular
Gravity
We now turn to studying the dressing operator in perturbative quantum gravity, following refs. [31, 32] . It is given by
The function f µν is given by
As in the gauge theory case, we have factorized the magnitude ω q from the function c µν , and ψ(p, q) → 1 as q → 0. For a detailed discussion about the function c µν and the constraints it should obey we refer the reader to [31] . In a similar fashion to the previous subsection we would like to express the cloud operator in a covariant form, using the asymptotic form of the fields. We decompose the metric into Fourier components
Decomposing the Fourier components in terms of the polarization modes a µν = r=± * r µν a r , (3.26) the radiative data at past null infinity can then be written as
(3.27)
We can invert the expression to express the Fourier coefficients in term of the asymptotic fields 28) to write the cloud operator as
Here f · ± ≡ f µν ± µν , and we have used the regularizing function ψ(p, q) = e −ivcωq , as in the Abelian gauge theory case.
The Green's function for the radiative modes obeys the equation
where D is the covariant derivative on the 2-sphere (see, for example, [33] [34] [35] ). The equation above is solved by
It will be convenient to define
Note that while G(z, w) is real and symmetric in its two arguments, s(z, w) is not. One can show that s(z, w) obeys the following equations
Note also that the action of two covariant derivatives on a scalar function is given by
Using the decomposition ± µν = ± µ ± ν we have
where c · ± ≡ c µν ± µν . One can then find a specific expression for c µν and use it to simplify the supertranslation current given below in eq. (3.43)
(3.37)
We then have
38) where, again, the subscript on (c · ± ) z is to indicate that now the expression in the parenthesis is evaluated at (z,z), instead of (w,w). We now use equation (3.33) to express the delta function in the second line of the equation above in terms of the function s(z, w). After integration by parts we arrive at
39) where we have omitted the subscript on (γ zz c · ± ) for brevity.
Finally, using eq. (3.32) to express the function s(z, w) in terms of the Green's function and integrating by parts we arrive at
ww . As in the gauge theory case, at this point we make the regularization choice v c = +∞ that isolates the contribution of zero momentum gravitons in the cloud. The boundary condition D
T vv (v, z,z) is the classical stress energy tensor of the shockwave whileT vv (v, z,z) is interpreted as the supertranslation current, in accordance with ref. [31] .
Hawking Radiation of Dressed States
We now turn to study black hole horizons and the Hawking radiation. We start by analyzing the selection rule for S-matrix elements between Fock states, in the presence of a black hole horizon. Then we describe how the selection rule is modified once we consider dressed asymptotic states instead of Fock states. At this point we would like to emphasize that to linear order in the fluctuations around the background the asymptotic analysis of the previous sections applies to any null surface and in particular to a black hole horizon. The cloud operators, given by equations (3.21) and (3.42), will take the same form, with the fields and charge densities evaluated at the horizon.
After discussing the selection rule we turn to a semi-classical analysis of the matter fields. We finally revisit Hawking's computation [28, 29] of particle creation near a black hole horizon, using the formalism of dressed asymptotic fields that we developed in the rest of the paper. In this section we work in the limit G → 0, R S = 2GM = constant, so that we consistently neglect back reaction of matter and Hawking's radiation on the background.
Horizon selection rule
Let us start by commenting on the selection rule for S-matrix elements in the presence of a black hole horizon. To be concrete, we consider a collapsing geometry generated by a null shockwave with initial energy M sent at advanced time v = 0. The collapsing thin shell of matter will eventually form a Schwarzchild black hole of mass M . The resulting spacetime geometry is described by the Vaidya metric
where θ denotes the step function
The horizon of the Vaidya metric is located at and is therefore stretched from v = −4M to v = ∞. Incoming (outgoing) states are characterized by charges defined at past (future) null infinity
Horizon states are similarly characterized by the charge
The conservation law of these charges implies 6) where Q + is the sum of the two charges
cloud operator on matter fields is rather trivial, since it commutes with all of them up to a phase proportional to the charge -see eq. (1.7). However, since the graviton cloud operator contains the stress-energy tensor it acts in a non-trivial way on any field. The dressed scalar field is given byφ 23) where the graviton dressing operator R f (p) is given by (3.42). Let us summarize our notations for the scalar field. First of all, it can be expanded around null infinity as follows
Its Fourier decomposition is given by 25) with the Fourier components obeying the canonical commutation relations
Using the asymptotic expansion for exp(±ip · x) (see for example appendix A of [21] ) we then have
The field therefore obeys the following commutation relation
The stress tensor is given by
thus we have
One can then compute Integrating by parts and using (3.34) we arrive at
Now we can expand the dressed asymptotic state using the Baker-Campbell-Hausdorff formula as followŝ
We have therefore showed that
We see that the dressing of the incoming scalar state is equivalent to a shift in the null direction. This result was derived in [15] using different methods. Note that, in particular, the supertranslation currentT vv does not affect the dressed scalar state.
Particle creation in a black hole background
To adjust for the normalization most commonly used in the literature on Hawking radiation, we rescale
Then we have the following expansion of incoming and outgoing modes
(4.38)
Hawking [28, 29] found the relation between the incoming and outgoing modes
where the explicit form of the universal, late-time Bogolyubov coefficients is
We would like to consider now asymptotic states dressed with a graviton cloud (4.36)
Note that the boundary conditions on the boundary graviton at i 0 impose C(z,z) = −C − (z,z), but we will keep them independent for now.
To compute the effect of soft hair on the process it suffices to recall that eq. (1.10) in the Introduction implies that dressed variables evolve independently of soft variables. It is straightforward to check that eq. (1.10) applies also to the Vaydia metric. In fact the fields defined at I ± are independent of all variables defined at the horizon by locality, so the derivation given in the Introduction can be carried out word by word also in the present case. Since dressed variables do not interact with soft variables, while their interactions with radiative variables are proportional to G, they do interact only with the background in the limit G → 0, R S = 2GM = constant. This means that the standard derivation of Hawking follows through unmodified for the dressed variables; namely: Namely, the effect of the dressing is to shift v 0 by an amount C(z,z).
We end this section with a few remarks on the result (4.45). First, we would like to emphasize that the effect of the dressing on the Bogolyubov coefficients (4.45) is independent of the details of the gravitational collapse. Namely, corrections due the the details of collapse will only affect the undressed Bogolyubov coefficients α ωω , β ωω , while the dependence on the dressing in (4.45) will remain unchanged. We also note that the phase factor does not appear in any observable. As we have seen, it vanishes in the correlator b † ω 1 b ω 2 due to the delta function δ(ω 1 −ω 2 ). Other correlation functions, like b ω 1 b ω 2 ∼ δ(ω 1 +ω 2 ), which could potentially depend on the dressing's phase factor, vanish identically due the delta function since both ω 1 , ω 2 are positive. These results imply in particular that correlation functions of the form φ out (u 1 , z 1 ,z 1 )φ out (u 2 , z 2 ,z 2 ) will not depend on the dressing's phase factor. We therefore conclude that the dressing is not observable with local operators defined on I + , for a gravitational collapse and particle creation near a black hole horizon in the limit G → 0, R S = constant.
